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Abstract 


According to its definition, a topological space could be a highly unexpected object. There are spaces (indis- 
crete space) which have only two open sets: the empty set and the entire space. In a discrete space, on the other 
hand, each set is open. These two artificial extremes are very rarely seen in actual practice. Most spaces in 
geometry and analysis fall somewhere between these two types of spaces. Accordingly, the separation axioms 
allow us to say with confidence whether a topological space contains a sufficient number of open sets to meet 
our needs. To this end, we use bipolar hypersoft (BHS) sets (one of the efficient tools to deal with ambiguity 
and vagueness) to define a new kind of separation axioms called BHS T;-space (7 = 0,1, 2,3, 4). We show that 
BHS Tj-space (¢ = 1,2) implies BHS T;_1-space; however, the converse is false, as shown by an example. 
For i = 0,1, 2,3, 4, we prove that BHS T,-space is hypersoft (HS) T;-space and we present a condition so that 
HS T;-space is BHS T;-space. Moreover, we study that a BHS subspace of a BHS Tj-space is a BHS Tj-space 
fori = 0,1, 2,3. 


Keywords: bipolar hypersoft separation axioms; hypersoft separation axioms; bipolar hypersoft topology; 
hypersoft topology; bipolar hypersoft sets 


1 Introduction 


Several mathematicians have proposed new mathematical methodologies such as probability theory, fuzzy set 
theory] and rough set theory! to approach and describe complex problems containing uncertainty, vagueness 
and ambiguity in fields such as economics, engineering, medical sciences and social sciences. Molodtsov! 
demonstrated that these theories have their own set of problems. As a result, he developed a new mathematical 
technique known as soft set theory and examined its applications in various fields, including game theory, 
operations research, and probability theory. Later, many types of soft set operators were defined in the literature 
for use in theoretical and applied research of soft set theory (see, for example). In 2011, the concept of soft 
topologies®! was created based on soft set theory. Many studies have been conducted to compare and contrast 
the characteristics of soft topologies with those of classical topologies 241 The study of the axioms of soft 
separation, in particular, has aroused the interest of researchers who have approached the subject from several 
angles (see, for example/!51!6)., 


Smarandaché!/ extended the concept of the soft set to the HS set in 2018. The fundamental motive for utilizing 
HS set is that the soft set environment cannot manage cases where the attributes are more than one and further 
bisected. Some works on HS set and its extensions can be seen in!#8!80 fpB! Musa and Asaad employed HS 
sets to define the concept of hypersoft topological spaces (HSTSs). They defined the essential concepts of 
HSTSs such as HS open (closed) sets, HS closure, HS interior, and HS boundary. Later, some fundamental 
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notions via HSTSs such as HS connectedness22 HS continuity and HS compactness!) and HS separation 
axioms4l were studied and investigated. 


The concept of BHS sets (a hybridization of the structure of HS set and bipolarity) with its application in 
decision-making was first introduced by Musa and Asaad 33134] They also defined mappings between BH 
classes and investigated some of its properties 241 Based on BHS sets, the authors ofl defined the concept 
of bipolar hypersoft topological spaces (BHSTSs) and its some basics operators such as BHS closure, BHS 
interior, and BH boundary. The concepts of BHS connected space 59 BH homeomorphism maps and BHS 
compact spaces“ were presented and investigated. 


The rest of the study is carried out as follows: in section 2 basic definitions and results are provided for the 
use in this article. Then, in section 3, we introduce the notion of BHS T;-spaces (¢ = 0,1, 2,3, 4) in terms of 
different ordinary points. Also, we give some results and discuss the relationship between them. In section 
4, the concepts of BHS regular and BHS normal spaces are studied in details. In the end, in section 5, we 
summarize the key findings and make recommendations for further research. 


2 Preliminaries 


In this part, we’ll go through the essential definitions and outcomes that are required to make this work self- 
contained. Suppose that ( is the universal set and 2° is the power set of Q. Let o;.M a; = y with i # j and 
let ri; Bi C &; for 7 = 1, 2,...,n. We denote Ay X Ag xX... X Ans By x Bo MK ends Bns and 01 X 02 X ... X On 
as A, B, and » respectively. Let A, BC %. 


Definition 2.1. 35] 4 BHS set over 2 is defined as a triple (g,g, %) provided that g and g are mappings given 
by g: > 2° and g : =D > 2° with g(s) Ng(-7s) = ¢ for all s € ¥. 


The representation of a BHS set (g,g, X) is as follows: 


(9,9,™) = {(s,9(s),4(-s)) +8 € Y and g(s)g(>8) = 9}. 


Definition 2.2. °°! A BHS set (1,91, A) is a BHS subset of BHS set hay bane by (91.91, A) JE 
(G2, §2, B), if A C Band for all s € A, gi(s) C go(s) and go(78) C gi (7s). If (go,4, B ) is a BHS subset of 


(g1,H1, A), then (91,91, A) is a BHS superset of (g2, 2, B) and is denoted by (91,91, A) A) 3 (2, §2,B 
Definition 2.3. 25] The BHS sets (gi.gi, A) and (g2, g2, B) over Q are said to be BHS equal if they are both 
BHS subsets of each other. 


Definition 2.4. 55 The complement of (g, g, X), denoted by (g,g, &)° = (g°,g°, U), is defined by g°(s) = 
g(7s) and g°(-s) = g(s) for all s € &. 

Definition 2.5. 35] A BHS set (g,g, A) over Q is said to be a relative null BHS set, denoted by (®,Q, A), if 
®(s) = yand Q(-s) = 2 for all s € A. The absolute null BHS set over 2 is denoted by (®, 2, ¥). 


Definition 2.6. 851A BHS set (g,g, A) over ( is said to be a relative whole BHS set, denoted d by (Q, ®, A), if 
Q(s) = Q and &(-s) = ¢ for all s € A. The absolute whole BHS set over 2 is denoted by (2, ®, ©). 


Definition 2.7. 55! The union of BHS sets (91,91, A) and (g2, 92, B), denoted by (91,91, A) Ci (g2, f2, B), is 


a BHS set (ff, A) where A = AM Band the mappings f and f are defined by f(s) = gi(s) U go(s) and 
f (as) = 91(78) N §2(>8) for alls € A. 


Definition 2.8. 25! The intersection of BHS sets (gigi, A) and (g2, g2, B), denoted by (91,91, A) a (g2, 92, B), 
is a BHS set (f, f, A) where A = AM Band the mappings f and f are defined by f(s) = gi(s) M go(s) and 
f (7s) = Hi(78) U §o(78) for all s € A. 


https://doi.org/10.542 16/IJNS.2001 12 151 
Received: July 20, 2022 Accepted: December 27, 2022 


International Journal of Neutrosophic Science (IJNS) Vol. 20, No. O01, PP. 150-164, 2023 


Definition 2.9. 35! The difference of BHS sets (g1,H1, A) and (go, g2,B), denoted by (91,91, A) \ (g2,92, B), 
is a BHS set (f, f, A) where A = AM B and the mappings f and f are defined by f(s) = gi(s) N go(78) 
and f (=s) = gi (7s) U go(s) for all s € A. 


Definition 2.10. 38] Suppose that (g,g, &) is a BHS set over 2 and w € 2. We write w € (g,g, 4) ifw € g(s) 
for all s € X. Also for any w € 0, w ¢ (g,g,%), ifw ¢ g(s) for some s € &. 


Definition 2.11. 38! Two BHS sets (fi,fi, %) and (g2, go, X) are said to be disjoint BHS sets if 1(s) 1 go(s) = 


y for all s € X. We denote it by (1, 71, 4) rh (g2,92, u) = (0, 9, %) where ®(s) = y and g(-s) C © for all 
sed. 


Definition 2.12. 38l Suppose that (g,g, ) is a BHS set over 2 and T C (2). The sub BHS set of (g,g, &) over 
Y, denoted by (gr, gr, X), is defined by gr(s) = TN g(s) and gr(7s) = TNg(-7s), for each s € XU. 


Definition 2.13. °°! If 72, be a collection of BHS sets over 2, then 7g, is a bipolar hypersoft topology 
(BHST) on 2 if: 


1. (®, Q, x), (Q, ®, x) belong to Tg. 
2. the intersection of any two BHS sets in 7g, belongs to 7g. 


3. the union of any number of BHS sets in 7gz, belongs to Tg. 


We called (Q, 737, ©, 7X) a BHSTS. Every member of 73, is called a BHS open set and its complement is 
called a BHS closed set. 


Definition 2.14. ©! Suppose that (0, 737,, 4,74) is a BHST and YT C (2. Then the relative BHST on T 


is defined by Tax, = {(gr,gr,&) | (9,9, u) © Tau}. We called (Y, 7s, ¥, 7) a BHS subspace of 
(Q, Tan, E72). 


Definition 2.15. 22) The property P is said to be BHS hereditary if every BHS subspace of a BHSTS has the 
same property. 


Definition 2.16. 2JIf Tx, be a collection of HS sets over 2, then 73, is a hypersoft topology (HST) on 2 if: 


1. (6,5), (Q, ©) belong to Tx. 
2. the intersection of any two HS sets in 7, belongs to 77. 


3. the union of any number of HS sets in 77, belongs to 74. 


We called (Q, 7,, ©) an HSTS over Q. Every member of 7}, is called an HS open set and its complement is 
called an HS closed set. 


Definition 2.17. “41 An HSTS (Q, Ty, ©) is said to be: 


i. an HS To-space if for every w) # we € Q, there exists an HS open set (g, =) such that w; € (g,%), 
wo ¢ (g, X) or we € (g,h), uw € (g,d). 


ii. an HS T,-space if for every w; # we € ), there exist HS open sets (g1, ©) and (g2, 4) such that w; € 
Cin x), We ¢ (fi; x) and we € (ge; x), Wy ¢ (ge; x). 

iii. an HS T5-space if for every w; A we € Q, there exist HS open sets (g;, =) and (go, ) such that w1 € 
(fi; x), W2 € (ge; x) and Cin x) Al (ge; x) => (®, x). 


iv. an HS regular space if for every HS closed set (f, X) with w ¢ (f, ¥), there are HS open sets (g:, D) 
and (go, ©) such that w € (g;,©) and (f, ©) € (go, ©) with (g1, ©) (go, ©) = (®,>). 


v. an HS T3-space if it is both HS regular and HS 7}-space. 
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vi. an HS normal space if for every HS closed sets (fi, ©) and (fo, ©) with (fA, 5) (ff, 4) = (®, d), there 
exist HS open sets (g;, ©) and (go, ©) such that (f,, ©) € (g:, ©) and (fo, ©) € (ge, ) with (g,,5) 9 
(g2,¥) = (®, >). 


vii. an HS T4-space if it is both HS normal and HS T}-space. 


Proposition 2.18. 83 Suppose that (Q, Tg3,; &, 7X) is a BHSTS. Then the following collections defined HST 
on. 


1. Tu ={(g.2) | (9.92) € Tou}: 
2. aTu = {(G, 7%) | GG, E) e Tx}. (Provided that Q is a finite set) 


Proposition 2.19. 38] Suppose that (Q, Ty, %) is an HSTS. Then Tx, is said to be BHST if it consists BHS sets 
(9,9, =) such that (g,¥) € Ty and g(-s) = \ g(s) for all s € ¥. 


Definition 2.20. Let w € Q, then (4,9, 4) denotes the BHS set defined by g.,(s) = {w} and g, (7s) = 
Q,\ {w} for all s € &. 


Proposition 2.21. Suppose that (g,g,X) is a BHS set and w € Q.. Then: 


i, w € (g,9,5) if'and only if (gurrfw, ©) E (9.552). 


ii. if (GG. =)" (g,g,E) = (®,F, B), then w ¢ (9,9, D). 


Proof. Straightforward. 
Remark 2.22. The opposite of Proposition (ii.) is incorrect. 


Example 2.23. Let Q = {w1, we}, oo = {0;, l2, es}, 02 = {ea}, and 03 = {és}. Let (9,9, %) = 
{((41, €4, 65); {w1}, {wo}), ((€2, €4, 5), {wr}, {w2}), ((€3, £4, €5), Q, yp) }. Then W2 ¢ CAE d) but (Bisa s faiss ) 


A (9.9; x) a (0,9, x) SINCE Jus. (é3, fg, és) N gles, la, fs) Ff Y. 
Proposition 2.24. Let (Y,7g14, 0,72) be a BHS subspace of (Q, Tg, 2, 7%). Then: 


i. (gr, gr, %) is BHS open set in YT if and only if gr(s) = TNg(s) and gr (7s) = TNG(->s) for some 
BHS open set (g,g,™) inQ. 


ii. (fe fr, X) is BHS closed set in ¥ if and only if f(s) = TN f(s) and f¢(78) = TN f(s) for some 
BHS closed set (f , f ,%) in Q. 


Proof. i. Follows from Definition 


ii. (Fr, fr, ©) is BHS closed set in Y iff (fr, fr,©)° is BHS open set in Y iff fr°(s) = TN g(s) and 
Fe(>8) = YT Ng(-s) for some BHS open set (g,g, ©) in Q iff Y\ fr°(s) = Y\ [YN g(s)] and Y\ 
Fels) = V\ (PNG -s)1 if Fels) = 1 g°s) and f(>s) = 1.9°(-8) aff fo(s) = TN f(s) and 
fr(>s) = TN f (7s) where (f, f, X=) = (g,g, %)° is BHS closed set in 2 since (g,g, 4) is BHS open 
set in 2. 
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3 Bipolar Hypersoft Separation Axioms 


In this section, the definitions of BHS T,-space for 7 = 0,1,2 are given. The properties of these spaces are 
studied and discussed. 


Definition 3.1. A BHSTS (Q, 7g7,, ©, =¥) is said to be: 


i. a BHS T-space if for every wy # we € , there exists a BHS open set (g,g,X) such that w; € 
(9,9, %), Wo € (G,g,%) or we € (9,9, u), w1 € (9,9, X). 


ii. a BHS T,-space if for every wy A wo € Q, there exist BHS open sets (91,91, &) and (go, go, 4) such 
thatu1 € (M1,91,¥), We ¢ (Gi,H1, U4) and we € (2, G2, U), wi F (Go, G2, X). 

iii. a BHS Tp-space if for every wy # we € Q, there exist BHS open sets (91, 91, 4) and (go, go, 4) such 
that wi € (g1,H1, ©), w2 € (g2, fo, D) and (91,51, ¥) A (go, go, ) = (®,9,%). 


Below we examine some results related to BHS To-space. 


Proposition 3.2. Let (Q, 71, u, 7) be a BHSTS and w, # w2 € ©. If there is a BHS open set (g,g,X) with 
wi € (g,g, 4), w2 € (9,9, %)° or we € (9,9, 4), wW1 € (9,9, %)% then (Q, Tay, U, 7X) is a BHS To-space. 


Proof. Let wy # wo € Qand (g,g,X) be a BHS open set with w; € (g,g, 4) and we € (g,g, X)°. Since 
w € (g,g, X)° then we € g°(s) for all s € X. This means w. ¢ g(s) for all s € U. Hence we ¢ (g,g, X). In 
the same way, we may verify that w; € (g,g,X)°, then w, ¢ (g,g, Xu). Therefore, (Q, 731, 5,72) is a BHS 
T-space. 


Proposition 3.3. If (Q., 71, 4, 7X) be a BHS To-space, then (Q, Ty, %) is an HS To-space. 


Proof. Let wy 4 we € 2. Since (Q, Tgx, 4, =X) is a BHS To-space, then there is a BHS open set (g,g, %) 
with w, € (9,9, %), we € (g,g, 4) or we € (9,g,h), 1 € (9,9, X). Say, wi € (9,g, ) and we ¢ (g,g, d). 
This means w; € g(s) for all s € S and we ¢ g(s) for some s € XU. Therefore w; € (g, =) and we ¢ (g, d). 
In the same way, we may verify that w2 € (g, X) and w, ¢ (g, 4). Hence, (Q, 7, =) is an HS To-space. 


Proposition 3.4. Let (Q, 7g, u, 7%) be a BHSTS and wy # we € . If there is a BHS open set (g,g,™) 
with w1 © (g,g,%), we € (9,9, u)° or we € (9,9, %), w1 € (9,9, 4)% then (Q, T,X) is HS To-space. 


Proof. Follows from Proposition[3.2]and Proposition[3.3] 


Proposition 3.5. Let Q be a finite set. Let (QO, Tax, %, 7X) be a BHSTS and w, 4 we € Q. If there is a BHS 
open set (g,g, %) with w, € (g,g,%), we € (g,g, X)° or we € (9,9, 4), wi © (9,9, X)%, then (Q, ~TFy,, 7X) 
is HS To-space. 


Proof. Let wi € (g,g, &) and we € (g,g, 4)°. This means w; € g(s) and w2 € g°(s) for all s € X. Then we 
have w, ¢ g(7s) and wa € g(-7s) for all s € E. So, we € (g, 7) and w, ¢ (g, 7h). In the same way, we 
may verify that w; € (g, 7) and we ¢ (g, 7). Hence, (Q, =7Fz,, 7X) is an HS To-space. 


Proposition 3.6. Let (Q., 733, 4, 7X) be a BHSTS constructed from HSTS (Q, 74, 4) as in Proposition 
Tf (Q, Tt, &) be an HS To-space, then (Q, Tg, %, 7) is a BHS To-space. 


Proof. Let w; # we € 2. Since (Q, 7, x) is an HS To-space, then there is an HS open set (g, ) with w, € 
(g, 4), w2 € (g, U) or we € (g,X), w € (g,X). Say, w1 € (g, U) and we ¢ (g, Xu). This means w, € g(s) 
for all s € Mand wy ¢ g(s) for some s € U. Since g(7s) = 2 \ g(s) forall s € &, then w; ¢ g(7s) for all 
s € Nand we € g(-s) for some s € DY. Therefore w, € (g,g,U) and w. ¢ (g,g, X). In the same way, we 


may verify that wo € (g,g, 4) and w, ¢ (g,g, ). Hence, (Q, Tax, 5, 7L) is a BHS To-space. 
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Proposition 3.7. Let (Q., Tg3,, &, 7) be a BHSTS and YT € . If (Q, Ta, &, 7X) be a BHS Ty-space, then 
(YT, Tan, 4, 7%) is a BHS To-space. 


Proof. Let w1 # we € TY. Since (Q, Tgx,, H, =X) is a BHS To-space, then there is a BHS open set (g, g, 5) 
with w, € (9,9, %), we € (g,g, 4) or we € (9,9, h), w1 € (9,9, X). Say, wi € (g,g, %) and we ¢ (g,g, U). 
As, w1 € (g,g, &) then w; € g(s) and w; ¢ g(7s) for all s € U. Since w; € T, thenw, € TN g(s) =gr(s) 
and w. ¢ TN g(-7s) = gr (7s) for all s € U. Hence, w; € (gr, Jr, U). Consider wo ¢ (g,g, x). Then wo ¢ 
g(s) for some s € &. This implies w2 ¢ TN g(s) = g¥r(s) for some s € U. Hence, we ¢ (gr, gr, X). In the 
same way, we may verify that w2 € (gr, gr, u) andw ¢ (gr, gr, &). Hence, (YT, 7g1,,, 4,72) is a BHS 
To-space. 


In the following result, we present a complete description of a BHS T\-space and then establish several char- 
acteristics of this space. 


Proposition 3.8. If (.., 9, =) be a BHS closed set of (Q, Tay, &, 7X) for each w € Q, then (Q, Tay, &, 7X) 
is a BHS T\-space. 


Proof. Suppose for each w € Q, (gu, Jw, 4) is a BHS closed set of (Q, Tax, h, 72). Then (gg, )° is a 
BHS open set in Tg. Letw # w € ©. Forw € Q, (gu, gu, 4)° is a BHS open set with @ © (gu, Gu, )° 
and w € (gu,Jw,)°. Similarly, Go,Ja,u)° € Tay with w € (Go,Ju,u)° and w ¢ (Gu,Ju, u)°. Thus, 
(Q, 7a, 4, 7) is a BHS T\-space. 


Remark 3.9. The converse of Proposition B.8]is not true in general as shown below. 


Example 3.10. Let 2 = {wi,w2}, 71 = {l1,l2}, 02 = {ls}, and o3 = {la}. Let Tay = {(®,2, >), 
(Q, ®,%), (g1,91.¥), (G2,92, 4), (93,93, 4)} be a BHST defined on Q, where 


(fifi. ©) = {((41, ls, 4), {wr fs {wot), (C2, bs, Ca), {wo}, {wr t) }- 

(G2, Ga» ™) = {((Er, ls, 4), {wi}, {wo}), ((42; ls, 4), 2, 9) J. 

(93,93: ©) = {((41, €3, 4), Op), (la; €3, la), two}, {wi} f 

Then, (Q, 7%, ©, 2D) is a BHS T;-space. 

We note that for (gs, ;f01,©)s (Joss Gus, ©) over Q, where 

(Joos fur ©) = {((Ar, 3, C4), {wi}, {wo }), ((l2, ls, ba), {wi}, {w2})F. 
(Jour Go» ©) = {((41, l3, 4), {wo}, tw }), (C2, bs, Ca), {wots {or })}- 
The BHS complement (g.5, ; Jr, ©)°, (Joos fue, ™)° over Q are defined by 
(Four Gor» &)° = {((41, bs, C4), (woh, {wi}), (C2, bs, ba), {wo}, {wr}. 
(Gora Foon» )° = {((i ls, 4), {wi}, {wo}), (4a, b3, 4), {wrt {wo} }. 


THROW, (Foie y Hie 2) Bates Masa)” d Tan. Thus, (gu, ,Ju,,u) and (g..,,f.,u) are not BHS closed sets of 
(Q, Tan; y, 7). 


Proposition 3.11. Let (Q., 77, 4, 7) be a BHSTS and w € Q. If QD be a BHS T\-space, then for each BHS 
open sets (g,g, X) such that w € (g,g,&): 


i, Gord.) EA 9.9, Db 
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ii. w¢ A (9,9, 0%) for all a # w. 


Proof. i. Asw eft (g.g, &), then by Proposition|2.21 (Gi Ge, D)E A (9,9, &)]- 


ii. Let @ #w € Q, then there are BHS open sets (ff, x) with w € (ff, x) and w ¢ ff, X). Then 
ow ¢ f(s) for some s € © and hence w@ ¢ Nsex g(s). Thus, 7 ¢1 (g,g, d). 


Remark 3.12. The equality of Proposition (i.) is false as the next example shows. 


Example 3.13. Let Q = {w1,wo}, 01 = {01,02}, 02 = {é5, fa}, and 03 = {05}. Let Tan, = {(6, 0,5), 
(Q, ®, x), (ffi; x), (G22: »), (93; 93: x), (G44, >), (95>I5> x)} be a BHST defined on (2, where 


(fi,H1,%) = {((41, £3, £5), Q, p), (Ar, C4, 25), (wi }, {wo}), (42, £3, 5), {wi}, {wo}), (C2, £4, 45), {wi}, {we })}. 


(ga, G2, ) = {((41, 3, €5), {wa}, {wi}), (41, C4, b5), {wa}, {wi}), (42, €3, l5), {wa}, {wi}), (la, Ca, bs), Q, ~)}. 


(93593: ») = { (¢ gla 45) Q, ~), ((41, £4; £5), Q, ~), (C2, €3, €5), {w3}, {w}), ((l2, £4, £5), {w}, {wo})}- 


(Gas GA; ) = { (¢ ,€3,65), {wa}, {wi}), (li, Ea; £5); Y; Q), (£2, £3, £5), PY, Q), ((l2, £4, £5), {w1}, {w2})}. 


(95:45; ) — { (¢ ,€3,65), {wo}, {wi}), ((41, £4, £5), {wa}, {w1}), ((£2, £3, £5), PY, Q), ((€2, £4, £5), {wi}, {wa})}- 


If we take (91,91, &) and (go, g2, 4) where w € (91,91, ) and we ¢ (91,91, X); and we € (g2,g2, u) and 
wi € (§2,g2, 4). Then, (2, 7%, U,7¥) is a BHS T}-space. But for all BHS open sets w; € (g1,g1, ¥) and 
We (93,93; x) we have (fifi d) A (93,93: d) = (ffi x) a (Gurr Furs 4) 

Proposition 3.14. Let (0, Tg2,, 4, 7X) be a BHSTS and w, # we € ©. If there are BHS open sets (gi, f1, %) 
and (G2; 92, %) with wy € (.;%), Ww € (91, Hi, u)° and wa € (G2, §2, %), wy € (G2, §2,%)% then 
(Q, Tax, 4, 7) is a BHS T,-space. 


Proof. Similar to the proof of Proposition|3.2] 


Proposition 3.15. If (Q., Tg1, 4, 7X) be a BHS T\-space, then (Q, Ty, %) is HS T;-space. 


Proof. Similar to the proof of Proposition[3.3} 


Proposition 3.16. Let (0, 7g3,, 4,7) be a BHSTS and wy # we € . If there is a BHS open set (g,g,™) 
with w, € (g,g, %), We € (9,9, u)° and we € (g,g,%), wr € (9,9, 2)% then (Q, Tx, X) is HS Ty-space. 


Proof. Follows from Proposition and Proposition 


Proposition 3.17. Let Q be a finite set. Let (Q,7g1,5,7%) be a BHSTS and wy # we € Q. If there is 
a BHS open set (g,g,X) with wy € (g,g,%), we © (g,g,%)° and wz € (9,g,%), wi © (g,g,%)% then 
(Q, =a, 7X) is HS T,-space. 


Proof. Similar to the proof of Proposition[3.5} 


Proposition 3.18. Let (0,77, 4,72) be a BHSTS constructed from HSTS (Q, 74,8) as in Proposition 
Tf (Q, Tat, &) be an HS T,-space, then (Q, Tax, 4, 7%) is a BHS T,-space. 


Proof. Similar to the proof of Proposition[3.6] 


Proposition 3.19. Let (2, Ts, U, 7%) be a BUSTS and Y CQ. If (OQ, Tax, %, 7%) be a BHS T;-space, then 
(Y, Tau, u, 7%) is a BHS T,-space. 
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Proof. Similar to the proof of Proposition|3.7] 


In the following results, we characterize a BHS T>-space and investigate some of its properties. 


Proposition 3.20. Let (Q., Tg7,, %, 7X) be a BHSTS and w € Q. If QD be a BHS T>-space, then for each BHS 
open sets (g,g, X) such that w € (g,g,&): 


i, Gord SEANGI ED; 


ii. aw €M(g,g,2) for all a #w. 


Proof. Similar to the proof of Proposition 


Remark 3.21. The equality of Proposition (i.) is not true in general. 


Example 3.22. Let 2 = {wi,w2}, 71 = {l1,l2}, o2 = {ls}, and o3 = {la}. Let Tay = {(®,2, >), 
(Q, ®, 2), (1,91, 2), (G2,92, 4), (93,93, &)} be a BHST defined on 2, where 


(sf; ) = {((£1, £3, £4), fees {wo}), ((é2, £3, £4), {wi}, ~)}. 
(92, G2: ) = {((£1, £3, £4), {we}, {wi}), ((é2, €3, €4), {wo}, ~)}. 
(93; 93> ) = {((é1, £3, £4); Y, Q), ((l2, 3, £4), Y, y)}. 


Then, (Q, 724, 4,7) is a BHS T>-space. We note that (91,91, 4) is the only BHS open set with w, € 
(Gif; x), but (Gory Foor ’ x) # (915M; x). 


Proposition 3.23. Let (0, Tg, 4,7) be a BHSTS and w, # we € ©. If there are BHS open sets (gi, f:, &) 
and (go, g2, 4) such that w, © (fi, Hi, dX), we © (Fi, Hi, u)* and we € (92, 92,U), wi © (go, G2, U)% then 
(Q, Tax, 4, 7) is a BHS T2-space. 


Proof. Let wy A we € and (91,91, 4), (go,g2, 4) be two BHS open sets with w, € (91,91, 4), we € 
(fi, Hi, %)° and we € (go, go, 4), W1 © (92,92, U)°. This means w) € gi(s), we € gf(s) and we € go(s), wi € 
§5(s) for all s € XO. Then, wi € gi(s), we ¢ gi(s) and we € go(s), wi ¢ go(s) with g1(s) N go(s) = y. Also, 
wi € f(s), we © gi(7s) and we ¢ go(78), wi © Jo(78) with g (7s) U go(as) = Q. Then we have w; € 
(g1, Hi, ©) and we € (g2,g2,¥) with (g1, 1, ©) 7 (go, g2,¥) = (®, 0,). Hence, (Q, Tax, 5, -D) is a BHS 
T>-space. 


Proposition 3.24. If (Q, Tax, &, 7X) be a BHS T>-space, then (Q, Ty, %) is an HS T>-space. 


Proof. Let wy # we € 2. Since (Q, Tg, 4, 7H) is a BHS T>-space, then there are BHS open sets (g1, 91, ©) 
and (go, g2, &) such that w, € (91,91, ©) and we € (go, g2, =) with (gi, H1,0) 7 (ge, fe, U) = (%, 9, x). This 
means w1 € gi(s) and we € go(s) with gi(s)  go(s) = ¢ forall s € &. Consequently, w1 € (gi, 4) and we € 
(go, =) with (g1, 5) 7 (ge, ©) = (®, ©). Hence, (Q, Ty, ©) is an HS T>-space. 


Proposition 3.25. Let (0, Tay, U, 7%) be a BHSTS and w, # we € ©. If there are BHS open sets (gi, 1, %) 
and (§2, g2, 4) such that w, € (fi, Hi, dX), we © (Fi, Hi, u)° and we € (92, 92,%), wi © (G2, G2, u)% then 
(Q, Tx, 2) is HS T-space. 


Proof. Follows from Proposition and Proposition 


Proposition 3.26. Let Q be a finite set. Let (0, Tay, 4, 7%) be a BHSTS and w, #4 we € ©. If there are BHS 


open sets (91,91, %) and (g2,g2,X) such that w, € (fi, Hi, Xu), we © (fi, G1, U)® and we € (g2,G2,U), wi € 
(G2, §2, %)° then (Q, 77, 7X) is HS T2-space. 
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Proof. Let w; # we € Qand (71,91, 2), (g2, 92, u) be two BHS open sets such that w € (91,91, 4), we € 
(fi, Hi, %)° and we © (g2,92,%), wi © (go, go, u)°. This means w; ¢ gi (78), we € gi(7s) and we ¢ go(-s), 
wy € go(78) with gi (7s) MN ge(-s) = ¢ for all s € %. Then we have we € (g1, 7X) and w; € (g, 7X) with 
(f1, 7X) N (g2, 7B) = (©, aX). Thus, (Q, =F, 7D) is an HS T>-space. 


Proposition 3.27. Let (0, Ty, &) be an HSTS and let (Q., 73x, ©, 7%) be a BHSTS constructed from (Q, Tx, 4) 
as in Proposition Tf (Q, Fx, &) be an HS T>-space, then (Q, Tax, 2,72) is a BHS T>-space. 


Proof. Let wy # we € Q. Since (Q, 7, 4) is an HS T>-space, then there are two HS open sets (g;, ) and 
(gz, X) such that w, € (g1,¥), we € (ge, ©) with (g1, 0) 7 (go, ©) (® ,u). This means w; € gi(s) and 
we € go(s) with gi(s) N go(s) = ¢ for all s € &. Then we have w; ae and w2 ¢ go(-s) with gi (4s) U 
§(78) = for all s € XU. Therefore, w; € (1,91, U) and we € (go, go, 4) with (91,91, D) a (92,§2,u) = 
(®, Q, &). Thus, (Q, 737, ©, 7) is a BHS T>-space. 


Proposition 3.28. Let (2, Tg, 0, 7%) be a BHSTS and CQ. If (OQ, Tx, ¥, 7%) be a BHS T>-space, then 
(Y, Tax~,%, 7%) is a BHS Ty-space. 


Proof. Let wy # wo € YT. Since (Q, 7%, 4, 7X) is a BHS T>-space, then there are two BHS open sets 
(f1,f1,™) and (g2,g2,¥) such that w, € (g1,H1,¥), w2 © (g2,f2,™) with (gH, ™) NM (2, f2.%) = 
(®,g,X). This means w, € gi(s) and we € go(s) with g,(s) MN go(s) = ¢ for all s € DU. Since wi,w2 € T, 
then w, € TN gi(s) =fizy(s) and w2 € TN go(s) = Gone (S ) with 91, (5) N go, (s) = » for all s € X. Again, 
Wy ¢ YT Ngi(as) = = Hix (8) and We ¢ T N Z2(7 s)= = fry (8) with Ji (8) U fry (a8) = Q for all s € &. 
Then, wi € (fy, Hix, &) and we © (for, Jor, &) with (iy, Fix, ) 7 (Gey, Gay, ) = (©,, 2). Hence, 
(Y, Tau, u, 72) is a BHS T-space. 


Proposition 3.29. Every BHS T;-space is BHS T,_1-space, fori =1,2. 


Proof. Let (0,78, 4, 7%) be a BHSTS and w, 4 we € 2. For the case 7 = 1, let (Q., Tx, U, =X) be a BHS 
T-space, then a are BHS aA sets (91,91, 4) and (go, go, X) with a €(H1,91, 4), Wo ¢ (i, Hi, U) and 
we € (92,92, u), w1 £ (go, 92, ). Obviously, we have w; € (91,91, 2), we ¢ (Gi,Hi, U) or we © (go, G2, U4), 
wy € (Jo, g2, 4). Thus, (Q,7%%, 4,72) is a BHS To-space. Now, for the case 7 = 2, let (Q, Tgz, U, 7X) 
be a BHS T-space, then there are BHS open sets (gi, 91, &) and (ge, go, &) such that w, € (91,91, 4), we € 
(g2,g2, =) and (91,91, 0) 7 (go, ge, 4) = (0,9, x). This means w; € gi(s), we € go(s) and gi(s) N go(s) 
= ¢ for all s € &. Then we have w; € gi(s), we ¢ gi(s) and we € go(s), wi ¢ go(s) for all s € X. Thus, 
W1 € ($i, fi, du), we F (Hi1,H1, U) and we € (Go, fo, 4), w1 F (Go, Ho, u). Therefore, (0,771, U, 7%) is a 
BHS T\-space. 


Remark 3.30. The converse of Proposition is false. 


Example 3.31. Let (0, 737,, 5, 7%) be the same as in Example|3.10) Then (Q, 7g3,, %, 7X) is a BHS Ty 
space but it is not a BHS 7>-space since for w;, w2 € 2 there do not exist any two BHS open sets (fi; vie x) 


and (§2;§2,%) with Wy € (1.Hi, =), W2 = (G2, H2; x) and (Gis Mi; x) A (§2;§2,u) = (©,g,>). 


Now let Tax = {(®, 2, ©), (Q, ©, 5) ), (9,g, &)} where 
(9:4, %) = {((41, 43, C4), {wi}, {wa}), (42, 3, C4), O, 9). 


Then, (Q, 77, ©, 7X) is a BHS T-space but it is not a BHS T-space since for w1, wa € 2 there do not exist 
BHS open sets (91,91, 4) and (go, go, 4) with w1 € (91,91, 4), we € (Gi,Hi, U) and we € (¥2, 92, U), wi ¢ 
(G2, 92: y) 
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4 Bipolar Hypersoft Regular and Bipolar Hypersoft Normal Spaces 


This section dedicates for studying in details BHS regular and BHS normal spaces. 


Definition 4.1. A BHSTS (0, 7%7,, 4,75) is said to be BHS regular space if for every BHS closed set 
(f,f,%) with w ¢ (f, f,X), there are BHS open sets (91,1, U) and (go, g2, &) such that w € (gi, g1, &) and 
Cee x) c (G2; 92; x) with (fis; x) A (G25 G2: x) = (6,9, x). 

Proposition 4.2. Let (Q, 77, 5, 7) be a BHSTS and let (ff, %) be a BHS closed set with w ¢ (ff, x). 
If (Q, Tau, &, 7X) be a BHS regular space, then there is a BHS open set (g,g,&) with w € (g,g,X) and 


(9:4, =) qn FFs) = (©,9, >). 


Proof. Straightforward. 
Proposition 4.3. Let (0, 7%3,, &, 7X) be a BHSTS and w € 2. If Q be a BHS regular space, then: 


i. for a BHS closed set (ff), w ¢ (f,f,5) if and only if (Gs, fu, &) rh (f,f,5) = (®,9,>). 


ii. for a BHS open set (g,g9,%), w ¢ (g,g, &) if and only if (Gu, Jw, X) rh (7,9) = (9,4, x). 


Proof. i. Letw ¢ (ff, X), then there is a BHS open set (g,g,&) with w € (g,g,X) and (g,g, ) a 
(ff, y) = Car x) by Proposition|4.2| Since w € (g,g, &), then (4, gw, &) c (g,g, &) by Proposi- 
tion|2.21(i.). Hence, (gus,fu,®) Fi (f,F,5) = (69, 5). 

The converse is obtained by Proposition (ii.). 
ii. Let w ¢ (g,g, X). Then we have two cases: (1) for all s € 4, w ¢ g(s) and (2) for some s,t € 4, w ¢ 


g(s) and w € g(t). In case (1) it is clear that (g.,gu,©)(g,g,¥) = (9,9, x). In case (2), w € g(t) 
implies that w ¢ g°(t) for some t € U. Hence, (g,g, X)° is a BHS closed set with w ¢ (g,g, X)°, by 


G), Caste 2) FE) = (0,9, x). So (Gu, Gus) re (g,g,%) but this is inconsistent with w ¢ 


g(s) for some s € ©. Consequently, (g.5, gu, ©) 7 (g,g, ©) = (9, 4, y). 
The converse is obvious. 


e 
am 


Proposition 4.4. Let (0, 7g, &, 7X) be a BHSTS and w € Q. Then these are equivalent: 


i. (Q, Tax, 4, 7%) is a BHS regular space. 
ii. for each BHS closed set (ff, X) with (Gu, fw, dX) a (ff, 4) = (0,9, %), there are BHS open sets 


(91, Hi, %) and (§2, §2;™) with (Gus Jus, 2) E (1,H1; 2) (f,f,5) i (92,92, 2) and (91, Hi, %) A 
(G2; f2; %) = (®,g,™). 


Proof. Follows from Proposition|4.3](i.) and Proposition (i.). 


Proposition 4.5. Let (g,g,&) be a BHS open subset of (Q, Tax, u, 7%) and w € Q. If Q be a BHS regular 
space, then w € (g,g, &) if and only if w € g(s) for some s € &. 


Proof. Suppose that for some s € U, w € g(s) andw ¢ (g,g, 4). Then, (g., 9, 2) Ai (9,9, 0) = (®,g, %) 
by Proposition/4.3|(ii.). But this contradicts our assumption and so w € (g,g, X). 
The converse is obvious. 
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Proposition 4.6. Let (0,737, 4,75) be a BHSTS. If (Q., Tax, 4, 7X) be a BHS regular space, then these 
are equivalent: 


i. (Q, Tax, 4, 7%) is a BHS Ty -space. 


ii. for w, # we € Q, there are BHS open sets (91,91, 4) and (g2, 92, X) with (Gu, fw, %) c Gi H™) 


and (Goss Guos d) A Cine x) = (6, 4, x), and ae ee x) Ec ($2, G2: y) and (Gurr Gor» y) A (g2, 92, ™) 
= (®,g, >). 


Proof. It should be clear that w € (g,g,X) if and only if (g.,g.,&) c (g,g,%), and by Proposition 


(ii.), w ¢ (g,g,) if and only if (g.,g.,5) 7 (g,g,¥) = (9,9, x). As a result, the above assertions are 
equivalent. 


Definition 4.7. A BHSTS (2, 73,, ©, 7) is said to be BHS T3-space if itis BHS regular and BHS T\-space. 


Proposition 4.8. [f (Q, 737, 4,7) be a BHS T3-space, then (Q, Ty, %) is an HS T3-space. 


Proof. Since (Q, 737, 4,7) be a BHS T3-space, then it is BHS T\-space. By Proposition[3.15| (Q, Tx, 5) 
is HS T,-space. Now, let (ff, x) be a BHS closed set with w ¢ ff, x). This implies that w ¢ f(s) for 
some s € © and hence w ¢ (f, X) as an HS closed set. As (2, 77, &, 7Z) is BHS regular, then there exist 
BHS open sets (gi, 91, &) and (g2, go, X) such that w € (91, gi, U) and (ff, >») E (g2,f2, ©) with (gi, 91, ©) 
A (g2, fo, =) = (@,g, ©). Then we have w € gi(s) and f(s) C go(s) with gi(s) N go(s) = ¢ for all s € ¥. 
It follows that for an HS closed set (f, ©) with w ¢ (f,X), we have w € (g,, X) and (f, ¥) C (g2, 4) with 
(gi, =) M7 (ge, 5) (® , 4). Thus, (Q, 77, 4) is HS regular and hence (Q, 7}, &) is HS T3-space. 


Proposition 4.9. Let (0, 7, ©) be an HSTS and let (Q., Tax, %, 7X) be a BHSTS constructed from (Q, Tx, ©) 
as in Proposition Tf (Q, Ty, &) be an HS T3-space, then (Q, Tax, 4, 7%) is a BHS T3-space. 

Proof. Since (Q, 7, 4) be an HS T3-space, then it is HS T)-space. By Proposition (QO, Ta, 4, 7%) 
is BHS T;-space. Now, let (f, ©) be an HS closed set with w ¢ (f,¥). This implies that w ¢ f(s) for 
some s € ) and hence w ¢ (f, f, ¥) as a BHS closed set. As (2, 7,, &) is HS regular, then there exist HS 


open sets ny ) and (go, X) such that w € (gi, X) and (f, ¥) c (g2, X=) with (g1, ©) 7 (ge, D) (® ,). 
Then w € gi(s) and f(s) C go(s) with gi(s) N go(s) = ¢ for all s € X. Also, we have w ¢ — and 


$2(78) C f (a8) with J, (7s) ae = 1 for all s € &. It follows that for a BHS closed set (ff, x) with 


w ¢ (ff, 5), we have w € (gi,f1,©) and (f,f,5) E (go, 2, 5) with (g1,f1, ©) 7 (go, G2, 5) = (0, 2,5). 
Thus, (Q, 7%7,, ©, 7X) is BHS regular and hence (Q, 7g3,, ©, =) is BHS T3-space. 


Proposition 4.10. Let (2, Ta91, ©, 7%) be a BHSTS and ¥ © Q. If (Q, Te, 5, -B) be a BHS T3-space, then 
(YT, Tan, 4, 7%) is a BHS T3-space. 


Proof. Since (Q, 731, %, 7X) be a BHS T3-space, then it is BHS T\-space. By Proposition|3.19] (YT, TeHr; 

x, 7X) is a BHS T\-space. Let w € YT and let (f, f, ©) be a BHS closed set in Y with w ¢ (f, f, X). Then, 
w €¢ f(s) for some s € ¥. Since (ff, x) be a BHS closed set in Y, then there exists a BHS closed set 
(A, A, x) in Q such that f(s) = A(s) N Y and f (738) = A(-s) NY. Since w ¢ f(s) for some s € &, then 
w ¢ f(s) TY = f(s) and hence w ¢ (A, A, x). As (0, 7%, 4,7) is BHS regular space, then there exist 
BHS open sets (91, 1, &) and (go, go, X) such that w € (91,91, X) and (A, h, x) c (g2,g2, %) with (1,91, U 

i (G2, §2, 4) = (0,9, x). Now, if we take (giy,f1y, U4) and (g2,,g2,, 1) as two BHS open sets in TY, then 
Jr(s)=Nls) NT, fx (78) =H (>) NY, and go, (s) = go(s)N Y, for (78) = go(7s) N YT. This implies 


that w € GinsHies x) and (f.f,%) E (Jax + G2 >) with (Pixs Fins 2) qn (Jor, G2xr> ») _ (@,g,). Thus, 
(Y, Tax, &, 7%) is a BHS regular space and hence (T, 77,,, 5, 72) is a BHS T3-space. 
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Definition 4.11. A BHSTS (Q, Tan, © » 7%) is said to be BHS normal space if for every BHS closed sets 


(fi, fi.) ) and (fa, fa, D) ) with (fi, A.D) yA (fi, fa, =) (® Ir X), there exist BHS open sets (gi, g1, ) and 
(92,2, ™) such that (A.A) C (g1,g1, =) and (6.5) ye (g2,§2,) with (g1,91,¥) 7 (go, go, 2) = 
(®, 7, 32): 


Proposition 4.12. Let (0,731, 4,74) be a BHSTS. If (Q,T78%, 4,7) is a BHS normal space and if 
(Ju; Jw; X) is a BHS closed set for each w € Q, then (Q, Tg, 4, 7%) is a BHS T3-space. 


Proof. Since for each w € 2, (§u, fu, %) is a BHS closed set, then (Q, Tz, 4,7) is a BHS T\-space by 
Proposition[3.8] Also by Proposition/4.4|and Proposition|4.11|it is BHS regular space. Hence, (Q, Tax, &, 7™) 
is a BHS T3-space. 


Definition 4.13. A BHSTS (Q, 7g3,, 4, ==) is said to be BHS Ti-space if it is BHS normal and BHS jie 
space. 


Proposition 4.14. If (0, 732,, 4, 7X) be a BHS T1-space, then (Q, Ty, &) is an HS Ty-space. 


Proof. Since (Q, 73, 4,7) be a BHS Ti-space, then it is BHS 7;- -space and hence (2, 7, ©) is HS T}- 
space by Proposition|3.15] Also, since (Q, Ten, ™ ; 7) be a BHS normal space, then for every two BHS closed 


sets (fi, i, ©) and (fo, fa, ©) with (fA, fi, ©) A (fi, fay =) = (®.9, X) there exist BHS open sets (91, 91, X) 
and (g2,g2,%) such that (fi, i, =) © (gr,gi, ©) and (fa, fo, =) E (go,g2, 5) with ae ¥) FI (g2,go, 5) = 
(®,g, X). This implies that, for all s € ©, fi(s) N f(s) = pand fi(s) C gi(s as ) with gi(s) 9 
§2(s) = yp. Then for two HS closed sets (f1, ©) and (f, ©) with (fi,©) A (f4,¥) = (©, ¥) there exist two 
HS open sets (g1, ©) and (go, ©) such that (ff, ©) C (gi, ¥) and (2,5) € (ge, ¥) a a i ge, = 
(®, ©). Thus, (0, 7, ©) is HS normal and hence (0, 7}, ©) is HS Ty-space. 


Proposition 4.15. Let (0, Ty, 4) be an HSTS and let (Q., T3%, 5, 7%) be a BHSTS constructed from (Q, Tx, =) 
as in Proposition Tf (Q, Ty, &) be an HS Ty-space, then (Q, Tg, 4, 7%) is a BHS T4-space. 


Proof. Since (Q, 73,, &) be an HS T,-space, then it is HS T,-space and hence (Q, Tg3,, 4, =X) is a BHS T;- 
space by Proposition[3.18} Also, since — TH, x) be an HS normal space, then for every two HS closed sets 
(Ai, =) and (fa, ©) with (fi, 2) 1 (fa, 5) (® , u) there exist two HS open sets (g;, &) and (g2, &) such that 


(fA, =) E (gi, ) and si C (go, ©) with (g1,©) A (go, ©) (®, >). This implies that f,(s) N fo(s) = 

ihe Cg(s ), als) C go(s) with gi(s) N go(s) = vp. ee? a8 )U fl as) = Qand gi (7s) C 
Al 78), Jo(78 ) C fal as) ) with §i(-8) eee = 1. It follows that for two BHS closed sets (fifi, ~) and 
(fa, fa, ©) ) with (.f,®) yA (fa, fay =) (® G2 X) there exist two BHS open sets (g1.Hi, %) and (g2, g2, X) 


such that (A.A, E) C (gi,H1, =) and (6h) C (go, fo, ) with (fi, 1, ©) a ($2, g2, ©) = (®, 0,5). Thus, 
(Q, Ta, 4, 7%) is BHS normal and hence (2, 73,, ©) is BHS T4-space. 


Remark 4.16. A BHS T-space need not be BHS T3-space. 


Example 4.17. Let 2 = {w1,w2}, 01 = {01,l2,l3}, 02 = {C4}, and 03 = a Let Tgy = {(, 0,5), 
(Q, ®, x) ). (fis Hid) , (92,92, %), (93,93, &), (94,94, =), (95,95, &), (96,96, 2) (97,97, 5 )} be a BHST de- 


Sn on , where 

(i, His) = {((Er C4, bs), {wr}, (woh), (Cla, Ca, bs), {or}, (woh), (Cla, ba, bs), torts {wah F- 
(92, Ga» ™) = {((Er, C4, bs), {wa}, {wr }), (Cla, Ca bs), {wa}, (wih), (Cla, ba, 5), twats {or} F- 
(93, G3» ™) = {((Er, C4, bs), PD), (Ce, ba, bs), {ort {w2}), (ls, ba, 5), twats wot) f- 
(ga, Gar ™) = {((Er, C4, bs), PD), (Cl, ba, bs), {wats {or t), (C3, ba, b5), {wo}, {orb} 


(95:45; ) = { (¢ tals), {w}, {wo}), ((€2, £4, £5), Q, Y), ((£3, €4, £5), Q, @)}. 
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(G66: ) = {((é1, £4, £5), {wa}, {wi}), ((l2, £4, 5), Q, ~), ((¢3, 4, €5), Q, ~)}. 
(G75G7: ) _ {((é1, £4, £5), PY, Q), ((l2, £4, £5), Q, ~), (3, £4, £5), Q, y)}. 


Then, it is easy to see that (Q, Tg3,, 4, =X) is BHS T1-space but not BHS T3-space. 


5 Conclusions 


During this work we extended the study of BHSTS by defining BHS separation axioms, called BHS T;-space 
for 2 = 0,1,2,3,4. The relations between them and with HS Tj-space are presented and discussed. In 
addition, we studied in detail the concepts of BHS regular and BHS normal spaces. Moreover, we investigated 
that the property of BHS T;-space (4 = 0,1, 2,3) is BHS hereditary. Ultimately, we hope that our results and 
conclusions can be used to solve existing problems in a variety of disciplines that contain uncertainty. 
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